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Abstract 



A minimal Lorentz gauge gravity model with i? 2 -type Lagrangian is proposed. In 
the absence of torsion the model admits a topological phase with unfixed metric. 
The model possesses a minimal set of dynamical degrees of freedom for the tor- 
sion. Remarkably, the torsion has the same number of dynamical of-shell degrees 
of freedom as the metric tensor. We trace an analogy between the structure of the 
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quantum chromodynamics and the structure of possible theory of quantum gravity 
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1 Introduction 



The gauge approach to gravity based on [1] gauging the Lorentz and Poincare 
groups [1,2,3] was proposed as a possible way to construct a consistent quan- 
tum theory of gravity. The extension of gravity models to the case of non- 
Riemannian space-time geometry reveals new possibilities towards construc- 
tion of renormalizabie quantum gravity with torsion [4,5]. Recently, a Lorentz 
gauge model of gravity with Yang-Mills type Lagrangian including torsion has 
been developed further in [6]. It has been proposed that the Einstein grav- 
ity can be induced as an effective theory via mechanism similar to the dual 
Meissner effect of color confinement in quantum chromodynamics (QCD). In 
that model the space-time metric is treated as a fixed classical field while the 
contortion supposed to be a quantum field. Such a treatment of the metric is 
not satisfactory from the conceptual point of view since one has to assume the 
existence of the classical space-time with a metric given a priori. In the present 
paper we propose a model which admits the existence of a pure topological 
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phase with an arbitrary metric from the start. We conjecture that the torsion 
can be confined in analogy to confined gluons in QCD. 



2 Abelian projection in ST/ (3) QCD 



Let us start from the concept of the Abelian projection in QCD [7]. The prin- 
cipal role in this construction belongs to the scalar fields hi, a — 1, 2, 3i — 1, 2 
which parameterize the coset ST/(3)/C/(l) x U(l). In the general construction 
of the Abelian projection [8,9] the scalar field h is given by a set of over deter- 
mined variables which is not convenient for description of the effective theory 
like Faddeev-Niemi-Skyrme model [10]. We give an explicit construction of 
the Abelian projection for the group £77(3) with a minimal set of degrees of 
freedom for n l . 

The Cartan algebra of SU(3) Lie algebra is generated by two vectors n 3 = 
ngt 3 , n 8 = figt 8 with t 3i8 as generators of £C/(3). Let us parametrize the lowest 
wight vector h% in terms of complex triplet field \J> which parameterized the 
coset CP 2 ~ £T/(3)/£T/(2) x [/(!) 



hi = N^X a ^, tftf = 1, 

where the normalization factor Ni = —3/2 provides the conditions 



h 2 8 = i, d abc h\hl = ~h % . (2) 

To construct the second Cartan vector n 3 , which is orthogonal to h s , it is 
convenient to define projectional operators 



pf = ngn|, Pf = 5 ab - h a s hl (3) 

and introduce another independent complex triplet field $ ($$ = 1) orthog- 
onal to \1/. With this the vector h% can be parameterized as follows 



The parametrization defined by (1, 4) is invariant under dual local U(l) x U'(l) 
group transformation. The Abelian projection of £77(3) gauge connection is 
similar to the decomposition of SU(2) gauge potential [7] 



A^ — A^ + G M + X^, A^ — A^rii + C^ 

C; = -f abc n b %n ci = -hi x d,h u (5) 

where A^ is a restricted potential, C M is a magnetic potential, and X^ repre- 
sents the off-diagonal (valence ) gluon. One can verify that the vectors hi are 
covariantly constant 



D^h, t = {dp + A^h, = 0. (6) 

The decomposition (5) allows two types of gauge transformation: (I) the back- 
ground gauge transformation described by 



5Ap = -D^a, 5Xp = -a x X M , (7) 

and, (II) the quantum gauge transformation described by 



5Ap = 0, 5Xp = -Dpd. (8) 
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The background gauge transformation shows that A^ by itself satisfies the full 
SU(3) gauge degrees of freedom, even though it describes the Abelian part of 
the potential. Furthermore X^ transforms covariantly like a vector. 



3 Parallels between QCD and Quantum Gravity 



The basic geometric objects in approaches to formulation of gravity as a gauge 
theory of the Poincare group [1,2,3] are the vielbein e™ and the general Lorentz 
affine connection A^f. The covariant derivative with respect to Lorentz gauge 
transformation is defined in a standard manner 



D a = e™(d m + A m ), (9) 

where A m = A mc £l cd is a general affine connection taking values in the Lorentz 
Lie algebra. The affine connection A mc d can be rewritten as a sum of Levi- 
Civita spin connection tp m d {e) and contortion K n d 



rnc 



A m d c = v m d c (e) + Kj. (10) 



In analogy with QCD we can define two types of Lorentz gauge transforma- 
tions consistent with the original Lorentz gauge transformation: 
(I) the classical, or background, gauge transformation 



6e™ = A a b e™, 6<p m (e) = -d m A - [<p m , A], 

<5K m = -[K m ,A], (11) 



(II) the quantum gauge transformation 



6e™ = 5<p m (e) = 0, SK m = -D m A - [K m , A], (12) 

where (p m = ip mc dfi cd , and the restricted covariant derivative D m is defined by 
means of the Levi-Civita connection only. Under the decomposition (10) the 
Riemann-Cartan curvature is splitted into two parts respectively 



Rabcd — Rabcd + Rabcd- (13) 



From the comparison of the Abelian decomposition in QCD with the decom- 
position of the Lorentz spin connection one can find the analogy between the 
restricted potential A^ and valence gluon X^ in QCD on the one hand, and 
the Levi-Civita connection uj^ and contortion K^ cd in Lorentz gauge gravity 
on the other. Obviously, in QCD we can not treat the off-diagonal component 
X^ as a true vector. The reason is that if we introduce, for instance, a mass 
term for the off-diagonal gluon into the Lagrangian then the renormalizability 
will be lost. For the same reason we can not treat the contortion K^d as a true 
tensor in gravity models in attempts to formulate a quantum renormalizable 
theory in the case if we wish to keep two types of Lorentz gauge symmetries. 

Let us consider the following aspect of the confinement problem in QCD re- 
garding the fact that quarks and gluons are not observable single particles. 
One heuristic argument why we can not observe the color single states is the 
following o quarks and gluons are not gauge invariant and we have no a con- 
served color charge like the electric charge in Maxwell theory. So that quarks 
and gluons can not be observable as single physical particles. If we accept 
the hypothesis that a Lorentz gauge model of gravity with torsion possesses 
two types of gauge symmetry (11,12) then we will be forced to accept the 
confinement of torsion. 



author acknowledges Y.M. Cho for elucidating this argument. 



4 Minimal model of quantum gravity with torsion 



We are interested in such a Lagrangian in Riemann-Cartan space-time which 
is reduced to Gauss-Bonnet topological invariant in the limit of Riemannian 
geometry. So that, we will consider the following Lagrangian 



C = -\{aRl hcd + (1 - a)R abcd R cdab - A(5R 2 bd 

-4(1 - P)R bd R db + R 2 + 67ALJ, (14) 

where the irreducible tensor A a b c d is defined as follows [11] 

A-abcd = -^{Rabcd + Racdb + Radbc + Rbcad + Rbdca + Rcdab) ■ (15) 



It turns out that the model described by the Lagrangian (14) admits dynamical 
degrees of torsion (contortion) for the special values of the parameters /3 = 
0,7 = — 3a. The parameter a provides unimportant overall factor, so that 
one can set a — 1 without loss of generality. For convenience, we will keep 
the parameters a, 7 arbitrary and later we will show that propagating torsion 
requires a unique value for the parameter 7 = —3. The Lagrangian (14) takes 
the form (omitting total divergence terms) 



H 



p2 1 o d jycdab . a d ryacdb 

n abcd + ^-K-abcd-tl + O-Kabcd-K 



(16) 



In addition to the equations of motion 5C/5Kb c d = one should impose gauge 
fixing conditions. To fix Lorentz gauge symmetry we choose the following 
constraints which are compatible with equations of motion 



d t (K t0S -K 50 i) = 0, (17) 

(a + -i)d l K llS = l{d l K llS - VKgyy), (18) 

ff&Kioj = 0. (19) 

For simplicity we choose the covariant constant background space-time as a 
Riemannian space-time of constant curvature R a bcd = p(VacVbd — VadVbc)- We 
will use the following decomposition of the space components of the contortion 



^■p.'yS E^/Sp i\ ppi 

Kw^w +2(<W A - &M S +(d ll S p + dpS,,) + e wff A ff , 

TV 1 T 

K^o P =Rp P +t#mp A - d » d p) R HdpRp + dpRp) + EppaQa, (20) 



Some of the equations of motion and gauge conditions represent constraints 
for components of K^d. One can solve all constraints and gauge conditions in 
linearized approximation and substitute solution into the initial Lagrangian. 
After lengthy calculations one can find a final effective Lagrangian (quadratic 
in fields K^) which contains only independent physical dynamical degrees of 
freedom 



1 0\ 3 TV a P n TV 

24// = g S ^o Sa , +A tra (n + 2 P )A t : 



~ n + Qp 



-{<p + d^Y - v^^v + ^(n + 6/#, (21) 

V? = d % Q % , V = ~l&Si- ( 22 ) 



In conclusion, we propose a model of quantum gravity with dynamical torsion. 
The model has a number of advantages to compare with Yang-Mills type 
Lorentz gauge gravity. In the absence of torsion the model reduces to a pure 
topological gravity, i.e., one has a topological phase where the metric is not 
specified a priori. The metric can obtain dynamical content after dynamical 
symmetry breaking in the phase of effective Einstein gravity which is induced 
by quantum torsion corrections. Remarkably, the contortion in our model has 
the same number of degrees of freedom as the metric in Einstein gravity. This 
could be an additional hint that torsion can be interpreted as a quantum 
counter-part to the classical graviton. 

Author acknowledges Organizing Committee of the Symposium SSP 2009 for 
the invitation and hospitality. Author thanks Professor Y. M. Cho and Pro- 
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